ABSTRACT
, and to all orders, d(~)~3, are presented with special attention focused on the 5g 9 ; 2 -4f 7 ; 2 transition in muonic Pb. In addition, the accuracy of analytic calculations exploiting the smallness of the electron mass and of the nuclear radius is discussed.
One of the major tests of quantum electrodynamics lies in the calculation of transition energies in high-Z muonic atoms. The most important radiative corrections to these transition energies come from vacuum polarization (VP). Even the higher-order, a(~)n~ 3 , VP is important due to the high resolution of recent experiments. Since discrepancies between theory and experiment have been observed, 1 most 2 3 4 notably in Ba 56
and Pb 82 , several workers ' ' have looked at the higher-order VP in more detail. In particular, the effect of finite -2- nuclear size on the VP charge density has been studied. However, complete agreement on the size of this effect has not yet been reached.
In the hope of eliminating this uncertainty, this letter presents the results of an independent numerical study of.the problem.
In'muonic Pb, a 42 ± 20 eV discrepanc~ exists between theory and experiment for the 5g 9 ; 2 -4f 7 / 2 transition'when the theoretical contribution to the transition energy due to higher-order VP is calculated for a point nucleus. For a finite size nucleus, characterized " by a radius R, the VP charge density, p(R,r ), differs from its point nucle~s form in such a way as to increase the transition energy. This has the effect of increasing the discrepancy be~ween theory and experiment. For the 5g -4f transition this increase was calculated ' 2 numerically by Rinker and Wilets to be 16 eV. On the other hand, the analytic calculations of Arfune 3 and Brown, et a1. 4 , using the approximations based on the smallness of m e and the ratio of the nuclear radius to the muonic orbit, R/aO' gave 5 eV.
The calculation reported in this letter gives 6 eV for the energy shift of the 5g -4f transition. The central assumption in this calculation is that the finite nuclear size is felt only by the i.e., the energy shift due to finite size effects on VP is assumed to come mainly from the lkl = 1 density. The accuracy of this approximation depends on how large the contribution from the lkl ~ 2 density is. The size of the lkl ~ 2 contribution to the total density can be i.e., 7% of the third order density comes from lk I ~ 2. Summarizing these relations,
For the case of a point nucleus Blomqvist 6 has calculated the 5g -4f' energy shif't in Pb due to third order VP to be
For a finite size nucleus we calculated p3 l (R, r)
numerically ~ith m ~ 0 using two different models of the nuclear . e
. i
.
• -5- . I 2 charge density: (I) a shell density, p . = 5(r -R) (4:n:R ) and nuc (II) a uniform density, pnuc = 9(R -r )/ ( 4:n:R 3 /3.). Tables I and II contain the results. The R ~ 0 limit was examined by calculating the ·energy shifts for R := 0.6 and 0.06 F. Extrapolating to R = 0, we get as? = -40 eV for the 5g -4f transition. The details of these and of all other calculations mentioned in this letter will be given in a subsequent paper.
The results of the calculations are listed in Tables I and II. In the R -+ 0 limit we get for orders n ~ 3, ~~=l = -46 eV. From Eq. (3), the contribution of lkl ~ 2 to these orders. is estimated to be -3 eV from third order and < 0.1. eV from orders n ~ 5. The total shift for orders n ? 3 is then ~+(R=O) = -49 eV in agreement with Ref. 6 . For finite radius we rewrite Eq. (1) (4) where the lkl ~ 2 term is estimated from ~i(o) using Eq. (3).
The accuracy of Eq. (4) is then estimated by
where Eq. (3) has again been used. For the 5g -4f transition, the error in the approximation in Eq. (4) is then estimated to be less than .0.5 eV with ~he result that ~+(R) = -43 eV. Thus, the finite nuclear size effect on VP increases the energy of the X-ray by 6 ev.
The VP densities p3 1 and p 3~ calculated ·here with the energy contour along the imaginary axis satisfy gauge invariance. Therefore a good check on the numerical accuracy of these densities is provided by the evaluation of their integral over all space. It was found that for r ~ 60 F the densities were negative, while for r ~ 60 F, they were positive; the densities were calculated out to 8~. .. 
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